THE CONE OF CURVES OF FANO VARIETIES OF COINDEX FOUR 



ELENA CHIERICI AND GIANLUCA OCCHETTA 

Abstract. We classify the cones of curves of Fano varieties of dimension greater or equal 
than five and (pseudo)indcx dim X — 3, describing the number and type of their extremal 
rays. 



1. Introduction 

A smooth complex projective variety is called Fano if its anticanonical bundle —Kx is ample. 
The index of X, rx, is the largest natural number m such that —Kx = mH for some (ample) 
divisor H on X, while the coindex of X is defined as dimX + I — rx- 

Since X is smooth, Pic(X) is torsion free and therefore the divisor L satisfying —Kx = rxL is 
uniquely determined and called the fundamental divisor of X. 

It is known that < rx < dimX + 1 and, by a theorem of Kobayashi and Ochiai [11], 
rx = dimX + 1 if and only if (X, L) ~ (P^™-^, Op(l)), and r{X) ^ dimX if and only if 

Fano varieties of coindex two, which are called del Pezzo varieties, have been classified in [9] 
using the ApoUonius method, i.e. proving that the linear sistem \L\ contains a smooth divisor 
and constructing a ladder down to the well-known case of surfaces. 

The same method works for Fano varieties of coindex three, called Mukai varieties; in [16] Mukai 
announced the classification assuming the existence of a smooth member in and this was 
proved by Mella in [14]. 

Since the classification of Fano fourfolds is very far from being known, it is not possible to use 
ApoUonius method to study Fano varieties of coindex four; however, with different techniques 
which involve the study of families of rational curves, it is possible to describe their structure, 
i.e. their cone of curves. 

Families of rational curves are related to another invariant of a Fano variety, the pseudoindex 
ixi introduced by Wisniewski in [21], which is defined as the minimum anticanonical degree of 
rational curves on X. 

The pseudoindex is related to the dimension and to the Picard number px of a Fano variety 
by a conjecture of Mukai [15], which states that 

(1.1) pxiix-l)<dimX, 

equality holding if and only if A ~ (p«x-i^px ^ 

This conjecture has been recently proved in [1] for Fano fivefolds and for Fano varieties of pseu- 
doindex ix > which admit a covering unsplit family of rational curves (this is always 
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the case if ix = dhnX — 3 and dimX > 6), so it provides a good bound on the Picard number 
of Fano varieties of pseudoindex ix > dim X — 3 and dimension greater than four. 

By definition, the pseudoindex is an integral multiple of rx, so varieties of coindex four have 

pseudoindex ix > dimX — 3; by the main result in [3] it is easy to prove that, for varieties of 
dimension > 5, Picard number > 2 and coindex four, index and pseudoindex coincide. For this 
reason the classification of the cone of curves of Fano varieties of coindex four and dimension 
> 5 can be regarded as a special case of the following 

Theorem 1.1. Let X be a Fano variety of dimension n > 5, pseudoindex ix = n — 3 and 

Picard number px > 2. Then NE{X) is generated by px rays. 

More precisely, we have the following list of possibilities, where F stands for a fiber type con- 
traction, Di for a divisorial contraction whose exceptional locus is mapped to a i~ dimensional 
subvariety and S for a small contraction. 
All cases are effective. 
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Note that, under the stronger assumption that rx = dhnX — 3, a local description of the 
Fano-Mori contractions of X has been achieved by Andreatta and Wisniewski in [4], hence 
we expect that in this case it will be possible to go further in the direction of an effective 
classification. 

The paper is organized as follows: in section two we collect basic material concerning Fano- 
Mori contractions and families of rational curves as well as some definitions and results in [1] 
which we will use extensively throughout the proof, while in section three we construct examples 
showing that all cases in our list are eff'ective. 

We then start the proof of theorem 1.1: the case dimX = 5, which is the hardest, is divided 
into two parts: in section four wo deal with Fano fivcfolds which admit a quasi-unsplit locally 
unsplit covering family, which turn out to have always a fiber type contraction, and in section 
five we study the remaining cases, proving the following 

Theorem 1.2. Let X be a Fano fivefold of pseudoindex two which does not have a covering 

quasi-unsplit locally unsplit family of rational curves; then px = 2 and X is the blow-up of 
along a two-dimensional smooth quadric (a section 0/0(2) in a linear P"^ C P^), or along a 
cubic scroll (lPpi(C(l) ©(9(2)) embedded in an hyperplane ofV^ by the tautological bundle), or 
along a Veronese surface. 

Finally, the last section contains the proof of theorem 1.1 in the easier case of varieties of 
dimension greater than five. 

2. Background material 

2.1. Extremal contractions. Lot X be a smooth complex projective variety of dimension n 
and let Kx be its canonical divisor. 

By Mori's Cone Theorem the closure of the cone of effective 1-cycles into the R-vector space 
of 1-cyles modulo numerical equivalence, NE(X) c Ni{X), is locally polyhedral in the part 
contained in the set {Z G Ni{X) \ Kx ■ Z <0}; an extremal face ct of X is a face of this locally 

polyhedral part and an extremal ray is an extremal face of dimension one. 

Note that, if X is a Fano variety, then NE(X) = NE(X) is polyhedral and any face of NE(X) 

is an extremal face. 

To every extremal face one can associate a morphism to a normal variety; namely we have the 
following Contraction Theorem due to Kawamata and Shokurov: 

Theorem 2.1. Let X and a be as above. Then there exists a projective morphism (p : X ^ W 
from X onto a normal variety W which is characterized by the following properties: 

i) for every irreducible curve C in X, ^p{C) is a point if and only if the numerical class 
of C is in a; 

ii) (f has connected fibers. 
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Definition 2.1. The map Lp of the above theorem is usuaUy caUed the Fano-Mori contraction 
(or the extremal contraction) associated to the face a. A Cartier divisor H such that H = (p*A 
for an ample divisor A on W is called a good supporting divisor of the map (p (or of the face a). 
An extremal ray R is called numerically effective, or of fiber type, if dimVF < dimX, otherwise 
the ray is non nef or birational; the terminology is due to the fact that if R is non nef then there 
exists an irreducible divisor Dn which is negative on curves in R. 

We usually denote with E = E{(p) := {x G X \ dim((^~^(^(x)) > 0} the exceptional locus of </?; 
if ip is of fiber type then of course E = X. 

If the codimension of the exceptional locus of a birational ray R is equal to one, the ray and 
the associated contraction are called divisorial, otherwise they are called small. 

2.2. Families of rational curves. For this subsection our main reference is [12], with which 
our notation is coherent. 

Let X be a normal projective variety and let Hom(P^,X) be the scheme parametrizing mor- 
phisms / : — > X; we consider the open subscheme Rombiri^^ , X) C Hom(P^,X), cor- 
responding to those morphisms which are birational onto their image, and its normalization 
Hom^j^(P\X); the group Aut(pi) acts on Hom^j^(P\X) and the quotient exists. 

Definition 2.2. The space Ratcurves"(X) is the quotient of Hom^i^(P\X) by Aut(pi), and 
the space Univ(X) is the quotient of the product action of Aut(P^) on Hom^^^(P^,X) x P^. 

Definition 2.3. We define a family of rational curves to be an irreducible component V C 

Ratcurves"(X). 

Given a rational curve f : ^ X we will call a family of deformations of / any irreducible 
component V C Ratcurves"(X) containing the equivalence class of /. 

Given a family V of rational curves, we have the following basic diagram: 

p-\V) =:U ^-^X 
p 

V 

where i is the map induced by the evaluation ev : HomJJ;^(P^, X) xP^ X and p is a P^-bundle. 
We define Locus(y) to be the image of U in X; we say that F is a covering family if Locus(y) = 
X. We will denote by degV the anticanonical degree of the family V, i.e. the integer —Kx ■ C 
for any curve C £V. 

Given a family V C Ratcurves"(X) and a point x G Locus(y). we denote by the 
subscheme of V parametrizing rational curves passing through x. 

Definition 2.4. Let ^ be a family of rational curves on X. Then 
(a) V is unsplit if it is proper; 
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(b) V is locally unsplit if for the general x £ Locus(y) every component Vx of 
V n Ratcurves" (X, x) is proper; 

(c) V is generically unsplit if there is at most a finite number of curves of V passing through 
two general points of Locus(y). 

Remark 2.1. Note that (a) (6) (c). 

Example 2.1. Let Ri = IR.+ [Ci] be an extremal ray such that the anticanonical degree of [Cj] 
is minimal in R^; Ci is often called a minimal extremal rational curve. 

If we denote by R^ an irreducible component of Ratcurves"(X) containing Cj, then the family 
R^ is unsplit: in fact, if Cj degenerates into a reducible cycle, its components must belong to 
the ray Ri, since Ri is extremal; but in Ri the curve Cj has the minimal intersection with the 
anticanonical bundle, hence this is impossible. 

Proposition 2.1. (IV. 2. 6 in [12]^ Let X be a smooth projective variety and V a family of 
rational curves. 

Assume either that V is generically unsplit and x is a general point in Locus(F) or that V is 
unsplit and x is any point in Locus(y) . Then 

(a) dimX + degV < dimLocus(y) + dimLocus(\4:) + 1; 

(b) degV" < dimLocus(yx) + 1- 

This last proposition, in case V is the unsplit family of deformations of a minimal extremal 
rational curve, gives the fiber locus inequality: 

Proposition 2.2. Let ip he a Fano-Mori contraction of X and let E = E{ip) be its exceptional 
locus; let S be an irreducible component of a (non trivial) fiber of (p. Then 

dim£; + dim S > dimX + 1-1 

where 

I = mm{—Kx ■ C \ C is a rational curve in S}. 
If ip is the contraction of a ray R, then I is called the length of the ray. 

Definition 2.5. We define a Chow family of rational curves to be an irreducible component 
V C Chow(X) parametrizing rational and connected 1-cycles. 

Given a Chow family of rational curves, we have a diagram as before, coming from the 
universal family over Chow(X). 

(2.1) U ^ X 

p 



V 



6 



ELENA CHIERICI AND GIANLUCA OCCHETTA 



In the diagram i is the map induced by the evaluation and the fibers of p arc connected and 
have rational components. Both i and p are proper (see for instance II. 2. 2 in [12]). 

Definition 2.6. If V is a family of rational curves, the closure of the image of V in Chow(X) 
is called the Chow family associated to V. 

Remark 2.2. If V is proper, i.e. if the family is unsplit, then V corresponds to the normalization 
of the associated Chow family V. 

Definition 2.7. Let V be the Chow family associated to a family of rational curves V. We say 
that V is quasi-unsplit if every component of any reducible cycle in V is numerically proportional 
to V. 

2.3. Notation. From now on we will denote with 

V a family of rational curves; 

V the associated Chow family; 

[V] the numerical equivalence class in Ni{X) of a general curve belonging to the family V; 
Ri an extremal ray of X; 

R^ the (unsplit) family of deformations of a minimal rational curve in Ri (see example 2.1); 
ipRi or ipi the extremal contraction associated with the ray i?,. 

2.4. Chains of rational curves. For all the missing proofs in the rest of the section we refer 
the reader to [1]. 

Let X be a smooth variety, V^, . . . , V'' Chow families of rational curves on X and Y a subset 
of X. 

Definition 2.8. We denote by Locus(V^, . . . ,V'^)y the set of points x & X such that there 
exist cycles C\,. . . ,Ck with the following properties: 

• Ci belongs to the family V*; 
. a n ^ 0; 

• Ci nr 7^ and X e Cfe, 

i.e. Locus(V^, . . . , V^)y is the set of points that can be joined to y by a connected chain of k 
cycles belonging respectively to the families V^, . . . , V'^. 

Note that Locus(V\ . . .,V^)y C Locus(V'=). 

Remark 2.3. If F is a closed subset, then Locus(V^, . . . , V'')y is closed. 
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Definition 2.9. Let V^, . . . ,V'^ be unsplit families on X. We will say that V-^, . . . ,V'^ are 
numerically Independent if their numerical classes [V^], . . . , [V''] are linearly independent in the 
vector space Ni{X). If moreover C C X is a curve we will say that V^, . . . ,V'' are numerically 
independent from C if the class of C in A''i {X) is not contained in the vector subspace generated 
hy[V'],...,[V'']. 

Lemma 2.1. Let Y c X be a closed subset and V an unsplit family. Assume that curves 
contained in Y are numerically independent from curves in V, and that Y n Locus(y) ^ 0. 
Then for a general y gY D Locus(y) 

(a) dimLocus(T/)y > dim(y n Locus(y)) + dimLocus(V^); 

(b) dimLocus(y)Y > dimF + degF - 1. 

Moreover, ifV^,..., are numerically independent unsplit families such that curves contained 
in Y are numerically independent from curves in V^,...,V'' then either 
Locus{V\ . . . ,V'')y =0 or 

(c) dimLocus(F\...,y'=)y > diinY + J^degV^ - k. 

Definition 2.10. We denote by ChLocuSm(V^, . . . , V'^)y the set of points x & X such that 
there exist cycles . . . , Cm with the following properties: 

• Ci belongs to a family V^; 

• d n Ci+i ^ 0; 

• Ci n y 7^ and x G Cm, 

i.e. ChLocusTO(V^, . . . , V*^)r is the set of points that can be joined to F by a connected chain 
of at most m cycles belonging to the families V^, . . . , V*^. 

Definition 2.11. We define a relation of rational connectedness with respect to V^, . . . , V*^ on 

X in the following way: x and y are in rc(V"'^, . . . , V'°)-relation if there exists a chain of rational 
curves in V^, . . . , V*^ which joins x and y, i.e. if y G ChLocuSTO(V^, . . . , V'')x for some to. 

To the rc(V^, . . . , V*^)-relation we can associate a fibration, at least on an open subset. 

Theorem 2.2. ([5], IV. 4-16 in [12]) There exist an open subvariety X° c X and a proper 
morphism with connected fibers it : X^ — > such that 

(a) the rc{V^, . . . , V'')-relation restricts to an equivalence relation on X^; 

(b) the fibers of n are equivalence classes for the rc(V^, . . . , V'^) -relation; 

(c) for every z G any two points in n~^{z) can be connected by a chain of at most 
2dimJC-dimZ _ I ^y^i^g m V\ . . . , V'=. 

Definition 2.12. In the above assumptions, if tt is the constant map we say that X is 
rc(V^, . . . , V'^)-connected. 
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2.5. Bounding Picard numbers. In this subsection we list some conditions under which the 
numerical class (in X) of every curve lying in some subvariety S G X is contained in a linear 
subspace of Ni{X) or in a subcone of NE(X). 

We write Ni{S) = {[V^], . . . , [V'^]) if the numerical class in X of every curve C C S can be 
written as [C] = a,[Ci], with a, G Q and C, G V\ and NE(S') = ([V^], . . . , [V"]) if the 
numerical class in X of every curve C C S can be written as [C] = J2i with G Q>o 

and Ci€V\ 

Lemma 2.2. (Lemma 1 in [18]j ief Y d X he a closed subset and V an unsplit family of 
rational curves. Then every curve contained in Locus(F)r is numerically equivalent to a linear 
combination with rational coefficients 

XCy +l^Cv, 

where Cy is a curve in Y, Cy belongs to the family V and A > 0. 

Corollary 2.1. Let V be a family of rational curves and x a point in X such that Vx is unsplit. 
Then 7Vi(Locus(y^)) = NE{hocvLs{Vx)) = {[V]). 

Corollary 2.2. Let R\ be an extremal ray of X, B} a family of deformations of a minimal 
extremal curve in Ri, x a point in Locus(i?^) and V an unsplit family of rational curves, 

independent from . 

Then 7Vi;(ChLocus„(l/)Locus(Ki)) = {[V],Ri). 
Proof. Since 

ChLocus„(F)Locus(j?i) = Locus(y)chL 
iterating lemma 2.2 m times any curve C in ChLocuSm,(V")Locus(/{i) can be written as 

C = \Ci+ nCv 

with A > 0, so we have only to prove that fi>0. 

If /i < 0, then we can write Ci = aCy + (3C with a, (3 > 0; but since Ci is extremal this implies 
that both [C] and [Cy] belong to a contradiction. □ 

Remark 2.4. More generally, if a is an extremal face of NE(X), F is a fiber of the associated 
contraction and V is an unsplit family independent from a, the same proof shows that 



NE(Locus(y)F) = {a, [V]). 
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2.6. Rational curves on Fano varieties. Let X be a Fano variety and tt : X° ^ Z° a proper 
surjective morphism on a smooth quasiprojective variety of positive dimension. 
By Theorem 2.1 in [13] we know that for a general point z ^ Z'^ there exists a rational curve 
C on X of anticanonical degree < dimX + 1 which meets ■k~^{z) without being contained in 
it (an horizontal curve, for short). 

We consider all the families containing these horizontal curves and, since they are only a finite 
number, we have that the locus of at least one of them dominates 

Definition 2.13. A minimal horizontal dominating family for tt is a family V of horizontal curves 
such that Locus(y ) dominates Z^ and deg V is minimal among the families with this property. 
If TT is the identity map we say that V is a minimal covering family. 

Lemma 2.3. Let X be a Fano variety, and let tt : X ^ Z be the rationally connected 

fibration associated to k Chow families V^, . . . , V*^; let V be a minimal horizontal dominating 
family for it. Then 

(a) curves parametrized by V are numerically independent from curves contracted by tt; 

(b) V is locally unsplit; 

(c) if X is a general point in Locus(y ) and F is the fiber containing x, then 



Remark 2.5. Let X he & Fano variety, , . . . , locally unsplit families of rational curves such 
that is covering and is horizontal and dominating with respect to the rc(V^, . . . , V*^^)- 
fibration; let tt : X ^ Z he the rc(V^, . . . , V'^)-fibration. Then for general Xi G Locus(y ) 



Lemma 2.4. LetX be a Fano variety, V^,. . . ,V'' locally unsplit families of rational curves such 
that is covering and is horizontal and dominating with respect to the rc(V^, . . . , V'~^)- 
fibration. 

Let TT : X ^ Z be the rc(V^, . . . , V'^)- fibration and suppose that dimZ > 0. 

Then either [V^], . . . , [V'^] are contained in an extremal face of NE{X) or there exists a small 
extremal ray R whose exceptional locus is contained in the indeterminacy locus ofir. 

Proof. Since X is normal and Z is proper, the indeterminacy locus J5 of tt in X has codimcnsion 
> 2 (sec [1.39] in [6]). Take a very ample divisor H on Z and pull it back to X: then tt*H is 
zero on curves in ([V^], . • . , [V^]) and it is non negative outside the indeterminacy locus of tt. 
Therefore, either tt*H is nef on X and ([V^^], . . . , [V'']) lie on an extremal face of NE(X), or 
TT*H is negative on an extremal ray, whose locus has to be contained in the indeterminacy locus 
of TT and therefore has codimension greater than one in X. □ 



dim(FnLocus(T4)) = 0. 
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3. Examples 



In this section wc show the effectiveness of all cases listed in theorem 1.1. li X has only 
fiber type contractions, examples are given by the products such as P*^~^ x Y, where F is a 
suitable fourfold of pseudoindex ix (for the ones with = 2 see [20]). The remaining cases 
are listed below: 
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X = Pp4(0©C'(l)) =BlpW^. 

X = fv^{0®0®0{2)). 
X = ¥i^3{0®0®0{l)). 

X = Pp2 (O © O © O © 0(1)) = Blp^¥^. 

X = Pp3(OffiO(l) ©0(1)). 

Let X = Blssf^, where 5*3 is a cubic scroll contained in a hyperplane H C F^; 



denote by a the blow-up and by E the exceptional divisor. 

Let a*Op5{l) be the pull-back to X of the hyperplane bundle of P^, and let H = 
a*0{l) — E he the strict transform of H; the linear system 

\L\ = a*\0{2) - Ss\ = \2a*0{l) - E\ 

has empty base locus on X and the associated map if^n gives H a structure of P^- 
bundlc over P^. 

Moreover H^fj = [L — cr*0(l))j^, so that the restriction of H to each fiber of is 
Op2(— 1); we can therefore apply the Nakano contractibility criterion [17], which yields 
the existence of a manifold M D P^ such that X ~ Blf,2 (M) and H is the exceptional 
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divisor of this blow-up. 

Moreover, if we denote by 'ip the rational map associated to the linear system 1 0(2) — | 
on we have that the following diagram commutes: 



X 




One can also prove (see [8]) that M is isomorphic to the hyperplane section associated 
with the Pliicker embedding of the Grassmannian G(l,4) C P^, so (see [7.1] in [8]) M 
is a del Pezzo variety. 

Note that since px = 2 and X has two smooth blow-downs, —Kx is positive on the 
entire cone NE(X), so X is a Fano variety. Moreover, we can write 

-Kx = 6a*0{l) -2E = 2(3o-*0(l) - E), 

so X has index 2. 

Let X = BlyP''^, where ^ is a Veronese surface. Denote by a the blow-up and by 
E the exceptional divisor. 

Consider on P"'' the linear system jOps (2) — y | of the quadrics containing V, and denote 

F 

by P^ 3- P^ the associated rational map; call V the exceptional locus of F^^ and 

let a' :X' ^ P^ be the blow-up of P^ along V. 



X 



X' 



p5 



p5 



One can prove (sec [2.0.2] in [7]) that X' ~ X, that the exceptional divisors of the 
two blow-ups satisfy the relations 
E = 2cr*C(l) - cr'*0(l) 
E' = 2a'*0{l) -a*0{l), 
and that the map F is an involution (Theorem 2.6 in [7]). 

As in the previous example, since px = 2 and X has two smooth blow-downs, —Kx 
is positive on the entire cone NE(X), so X is a Fano variety, and from the canonical 
bundle formula 



-Kx = 6cr*Op5(l) -2E = 2(3cr*Op5(l) - E), 



we have that X has index 2. 
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f. Let X = BliQ2P^, where C is a smooth two-dimensional quadric, denote by 
a the blow-up and by E the exceptional divisor; then 

-Kx =6a*Op5{l) -2E. 

For every curve C C X which is not contained in E, we have that cr(C) is a curve in 
of a certain degree d, and the sum of the multiplicities of the points of intersection 
of a{C) and is < 2d. This implies that 

-Kx -C >6d-4:d>2d. 

The exceptional divisor E can be written as 

E = P(AA^.|p,0 = P(0(-2) © 0{-l) ® 0{-l)), 

and = —£.Af'- If wc denote by Q the section oi a : E ^ which corresponds to 
0{—2), then NE(i?) = ([Zi], [I2], [h]), where h and I2 correspond to the two rulings of 
Q and I3 is a line in a fiber of a. 

If we write Ke as —3^ — 6a*OQ2{l), the adjunction formula yields 

-Kx,, = -Ke + E^E = 2^ + 6a*0(l), 

so —Kx ■ h = 2 for every i, hence X is a Fano variety of pseudoindex 2. 

The line bundle 2a*0{l) — E is nef on X, and it vanishes on the strict transform 
of the C P^ which contains Q^; hence it is the supporting divisor of the small 
contraction of P^ to a point. 

g. Let £ = Op3® Op3(l) and y = Z = Vp3{£) = BlpF^; consider the fiber product 
X = Y XpsZ 




Call 

G Pic(y) the tautological bundle of £, 
H = ^*{Ops{l)), 
E the exceptional divisor of a, 

i = <7*(0p4(l)). 

Then 

Pic{Y) = {^Y,H) = {E,L) 
and the canonical bundle of Y can be written as 



Ky = -2^Y + (p*{Kr3 + det £) = -2^y - 3il 
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or 

Ky = (7*Kr4 +3E= -5L + 3E. 

Note also that = L, and since for every fiber / of we have H-f = 0, E-f = L-f = 1 
and for every line / C E which is not contracted by a we have H ■ I = 1, we can also 
write H = L — E. 

Now consider on Y the rank 2 vector bundle = Oy © H: then X can be seen as 
Fy{J^)- Call Y the section of py which corresponds to the surjection — > Oy 0. If 
we denote by (, the tautological bundle of we can write 

-Kx = 2^-p*Y{KY+detJ^) 
= 2{^ + p*Yi^Y + H)), 

or, in terms of L and E, 

-Kx = 2{i+p*Y{2L-E)). 

First of all we show that X is a Fano variety with rx =2. 
The line bundle 2L — E is ample on Y, so pp{2L — E) is nef on X; since also ^ is nef, 
we have to show that on every curve in X at least one of these bundles is nonzero. 
But the line bundle (2L — E) vanishes only on the fibers of py, where we know that 
^ is positive, so X is a Fano variety of index 2. 

X has two fiber type contractions, associated with the nef bundles Py(2L — E) and 

P*YH + t 

The line bundle ^ + Py(,y supports a small contraction which contracts a P'^ C K to a 
point. In this case there exist two divisors on X which are negative on the exceptional 
locus of this contraction: one is Y and the other is PyE: in fact, since E = L — H, we 
have PyE • i = — 1 for every line / C P^. 

hi. X = Pp3(0©0(2)) xPi. 
h2. X = Pp3(0©C»(l)) xPi. 
h3. X = PQ3(e) ©£>(!)) xPi. 

i. X = Bli¥^xF'^. 

jl. Here we construct an example of a fivefold where the two divisorial contractions 
have the same exceptional locus. 

Let .F = Op2xp2 ® Op2xp2(l, 1) and X = Pp2xp2(.F), let tt be the projection map, (, 
the tautological bundle on X and E the section of tt which corresponds to the surjection 
Op2^p2 —> 0. Then 

-Kx = 2^- 7r*(i^p2xp2 + det JF) = 2(C + 7t*0{1, 1)); 

since 7r*0(l, 1) vanishes only on the fibers / of tt, while ^ • / = 1, it follows that X is 
a Fano variety and ix = 2. 
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Obviously X admits a fiber type contraction, which is given by its structure of P^- 
bundle and is supported by tt* 0(1, 1). 

The nef bundles ^ + 7r*e'(l,0) and ^ + 77*0(0, 1) vanish each on one "ruling" of E, 
so they support two different contractions of to P^, which are in fact smooth blow- 
downs. 

Finally, the line bundles 77*0(1,0) and 7r*O(0, 1) support the contractions of the two 
faces of NE(X) which contain the fiber type ray, as shown in the diagram. 




An example of a fivefold with two divisorial contractions with disjoint exceptional 
loci is X = i?Zniun2lP'^: the blow-up of P^ along two disjoint planes Hi, 112. 
Let (T : X ^ P'' bo the blow-up and denote by Ei and E2 the exceptional divisors; by 
the canonical bundle formula we have 

-Kx = 6(7*Op5(l) - 2Ei - 2E2 = 2(3o-*Op6(l) -E^- E2). 

We want to prove that H := 3a* Ops (1) — Ei — E2 is ample on X: if C is a curve not 
contained in E1UE2, then ct(C) is a curve of degree d in P''' which intersects Hi and 112 
in a number of points which has to be less or equal than d (counted with multiplicity). 
So 

HC>d>l. 

As for curves contained in an exceptional divisor Ei, we know that 
Ei = Pp2(A/-*^|p5) = P(0(-l)®3) ~ p2 X p2 

so 

-^B, =3Ci + 67r*Op2(l), 

where is the tautological bundle of J^^.^^s and it is the projection Ei ^ P^. By the 
adjunction formula, recalling that —Ei^^i = we have that 

{-Kx)iE, = -Ke, + E,\E^ = 3Ci + 67r*0(l) - = 2ii + 67r*0(l), 

so H\E, = 6 + 37r*0(l) ~ Op2xp2(l,-l) (g) Op2xp2(0, 1)®3 ~ Op2xp2(l,2) which is 
ample, hence we have proved that X is a Fano variety of index 2. 
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Now consider in the lines which intersect both Hi and 112, and cah V the family 
of deformations of their strict transforms on X. Then V is covering (since lines meeting 
Hi and 112 cover the whole P^) and —Kx • F = 2, so F is unsplit. Hence V is extremal 
and is associated to a fiber type contraction : X ^Y, which can be easily proved to 
be a P^-bundle over a smooth fourfold. 

The fibers of (p are the strict transforms of the lines meeting Hi and 112, hence, for any 
fiber / we have Ei ■ f = 1; being i^i n £^2 = it follows that Ei and E2 are sections of 
ip. 

It's now easy to prove that F ~ x and X = Fy{0{1, 2) © 0(2, 1)). 

j3. In this example the exceptional loci of the two divisorial contractions of X are 

different but have nonempty intersection. 
Let Y = BliV^ = Pp2 (O © O © 0(1)). 



Y 



Call H = ip*Op2{l) and let 

X = Fy{H®Oy{1)). 
Using the same notation as in example g. we can write 

so again we have that X is a Fano variety of (pseudo)index 2. 

X admits a fiber type contraction on Y, which is supported by tt*{L + H), and 
two divisorial contractions: the first one contracts the special section on X to P^ and is 
supported by ^+Tr*H, while the second one contracts the P^-bundle over the exceptional 
divisor in F to a two-dimensional quadric, and is supported by ^ + 7r*L. 



k. 



»i X pi X BlpP^. 



I. X ^Fpi{0®0®0{l)) = BliV^. 
m. X = Fp3{0®0®0®0{l)) = Blr2W^. 



X = 



0(1)©0(1)). 



o. X = Wp4{0®0®0®0{l)) = Blr2¥'^. 
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4. FANO FIVEFOLDS with A COVERING QUASI-UNSPLIT FAMILY 

In this section wc start the proof of theorem 1.1. We know as a general fact (see subsection 
2.6) that on X there exist covering locally unsplit families of rational curves of degree < 
dimX + 1; since we are assuming > 2 these families have degree < 5, otherwise proposition 
2.1 and corollary 2.1 would imply px = 1- 

We start considering the case when one of these families is quasi-unsplit. Note that this is 
the case if on X there exists a fiber type ray R: in fact, in this case, through every x € X 
there exists a rational curve which is contracted by i^r and has degree < dimX + 1; among 
the families of deformations of these curves we can choose a covering one with minimal degree, 
which is quasi-unsplit since R is extremal. 

Lemma 4.1. Let V he a covering quasi-unsplit locally unsplit family of rational curves and 
Ri an extremal ray of NE{X) independent from [V]; assume that the contraction ipa^ has a 
three-dimensional fiber F. Then there exists a covering unsplit family which is numerically 
proportional to V. 

Proof. If V is not unsplit then dcg V > 4, so Vx cannot be unsplit for any x G F, otherwise 
we would have dim(Locus(14) H F) > 1 against the fact that NE(Locus(T4:)) = ([V]) and 

NE(^^) = 

Therefore through every point of F n Locus(V") there passes a reducible cycle in V. Moreover, 
Locus(V) is closed since V is proper, and since V is covering Locus(V) = X, hence through any 
point of F there is a reducible cycle in V. 

It follows that F is contained in the locus of the family of deformations of one of the components 
of these cycles. Note that, since deg V < 5 and V is quasi-unsplit, such a family is unsplit and 

numerically proportional to V. 

We denote this family by aV, and applying lemma 2.1 (a) we obtain that dimLocus(aV)F > 5, 
so aV is covering. □ 

Lemma 4.2. Let V be a covering unsplit family of rational curves and Ri an extremal ray of 
NE{X) independent from \y]. Assume that the contraction (pa^ has a three-dimensional fiber 
F and let D be an irreducible component ofLocus{V)F (note that, by lemma 2.1, dimZ) > 4^. 
Then 

(a) if either D = X or D -V >0 then NE{X) = ([F], 

(b) if i?2 is a hirational ray different from Ri then D ■ R^ — 0; 

(c) if i?2 is a divisorial ray and E2 is its exceptional locus, then 
E2-V = E2- R^ = 0; 

(d) if R2 is a fiber type ray then D ■ R? > Q. 

Proof. The proof of (a) is an easy consequence of corollary 2.2: in fact, we know that NE(i3) = 
{\y\,Ri), and if Z? is a divisor and D - V > Q we can write X = ChLocus2(V^)F (since V is 
covering), while ii D = X the proof is trivial. 
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To prove (b), we observe that the nontrivial fibers of (pR^ have dimension > 2, so if D • i?^ 7^ 
then D contains a curve whose numerical class is in ii2, a contradiction. 
In case (c), if either E2 - V > ot E2 ■ then E2^D Take a point a; e -B2 n and a 
curve C in B? passing through x: by (c) we know that I? • C = 0, so C C Z), a contradiction. 
Finally, to prove (d) let a; be a point in D and C a curve in R'^ through x. Since C cannot be 
contained in D we must have D ■ R"^ > 0. □ 

Remark 4.1. Note that (b), (c) and (d) still hold if we replace R^ with any noncovering unsplit 
family which is independent from V and R^. 

Lemma 4.3. Let R be a divisorial ray on X, let E be its exceptional locus and consider the 
intersection number E ■ R' with all the divisorial extremal rays of NE{X) different from R. 
Then E ■ R' <0 for at most one index i; moreover in this case E ■ R^ =0 for every j ^ i and 
NE{E) = {R,Ri). 

Proof. Assume that there exists an index i such that E-R^ < 0; then we have E = Locus(i?)Lo(.us(fli^) , 
so NE(£J) = {R, Ri) by corollary 2.2. In particular, E cannot contain curves whose class is in 
Rj for j ^i. □ 

We can now start the proof of theorem 1.1. 

px = 2. We have to prove that at least one of the extremal contractions on X is of fiber 
type. Assume that this is not the case; in particular [V] is not extremal, so by lemma 2.4 there 
exists a small extremal ray Ri. 

Denote by R2 the other extremal ray of NE(X); by lemma 4.1 wc can assume that V is unsplit, 
and by lemma 4.2 either NE(X) = ([V"],i?2) and [V] is extremal or there exists an effective 
divisor D such that D ■ V = D ■ R^ =0, implying that D is numerically trivial on NE(X); in 
both cases we reach a contradiction. 

Px = 3. We divide this part of the proof into three cases. 
Case 1. All rays of NE(X) are of fiber type. 

If two rays, say Ri and R2, do not lie on the same extremal face of NE(X), we can consider 

the rationally connected fibration it : X ^ Z associated to R^ and R^. Since = 3 we 

have dimZ > 0, so by lemma 2.4 X must have a small elementary contraction, a contradiction. 
The only possibility to exclude this situation is that NE(X) has exactly three rays. 

Case 2. In NE(X) there exists a small extremal ray. 

In this case we prove that NE(X) = J?2, -R3), where Ri is small and both R2 and R3 
are of fiber type. 

Denote the small ray by Ri , and denote by Fi an irreducible component of a fiber of (pn^ . Note 
that by lemma 4.1 we can assume that V is unsplit. 
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First of all we prove that X has at least one fiber type contraction: suppose that this is not 
the case, let £>i = Locus(y)_Fi apply lemma 4.2. Since px = 3 we cannot be in case (a), and 
so Di is a divisor such that Di-B} =0 for every i 7^ 1; as a consequence NE(X) = {Ri,R2, R3). 
If R2 is a small ray, we can repeat the same argument with the divisor D2 = Locus(F) F2 ) and 
we obtain that D2 vanishes on the face (i?i,i?3); since Di vanishes on the face (i?2,-R3) and 
Di ■ V ~ D2 ■ V = 0, it must be [R^] = [V], against the assumption that X has no fiber type 
contractions. 

So both i?2 and R3 are divisorial. By lemma 4.2 (c), if we denote by Ei the exceptional locus 
of Ri we have ■ V = ■ R^ =0, and we know that Ei ■ R^ < 0, which imphes £^2 • -R^ > 
and Es-R^ > 0; in particular this yields that the intersection numbers of E2 and £^3 with every 
curve in X have opposite signs. The existence of curves which intersect E2 U Es without being 

contained in it gives rise to a contradiction. 

We have thus proved that X has at least one fiber type contraction, associated to a ray R2. 

Suppose by contradiction that every other ray Ri of NE(X) is birational. By lemma 4.2 (b), 
for the divisor Df := Loc\is{R^)p^ we have • i?* = 0; moreover lemma 4.2 (a) implies that 
Dl-R^ 0, so NE(X) = (i?i,i?2,i?3). 

The ray i?3 cannot be divisorial, otherwise we would have by lemma 4.2 (c) that E3 ■ R^ = 
Es- R"^ = while Es ■ R^ < 0, against the effectiveness of E3, so R3 must be small. 
Let F3 be an irreducible component of a fiber of (pa^ and let := Locus(J?^)ir3; by lemma 
4.2 we have ■ R^ = ■ R'^ = 0. 

Consider a minimal horizontal dominating family V' for the fiber type contraction (pn^ ; from 
the results in Section 8, Case 1, [1] we know that V is unsplit. 

The family is independent cither from Ri and R2 or from R2 and R3; assume without loss of 
generality that we are in the first case. 

If V is covering we have X = Locus(y , i?^)^! = Locus(i?^, V')fi, so R^ = V and R3 is of 
fiber type, a contradiction. 

If else V is noncovering, then by remark 4.1 we have D^-V = Dl-V = 0, so that [R'^] = [XV], 
again a contradiction. 

We have thus proved that X admits a small ray Ri and at least two fiber type rays R2, 
Rs; by lemma 4.1 we know that the families R^, R^ are unsplit, so by lemma 2.1 we have that 
X = Locus{R^, R'^)fi = Locus(R'^,R^)f, and lemma 2.2 implies that NE(X) = {Ri,R2,R3). 

Case 3. In NE(X) there is at least a birational ray, but no small rays. 

In this case we prove that NE(X) = {Ri,R2, R3), where at least one Ri is of fiber type, and 

that the possible cases are the ones listed in theorem 1.1. 

Since X has no small contractions we know by lemma 2.4 that [V] lies on an extremal face of 
NE(X). 

Suppose that there exists a ray i?i which does not lie in a face with [V], and denote by Ei 
its exceptional locus. 

If either Ri is divisorial and £1 • F > or i?i is of fiber type then the associated family R^ is 
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horizontal and dominating with respect to the rcl^-fibration. Hence we can apply lemma 2.4 
to V and and conclude that [V] and [R^] are on the same extremal face, a contradiction. 
So we can assume that Ri is divisorial and Ei-V = 0. Then Ei must be negative on another ray 
i?2 which lies in a face with [V]: in fact, Ei cannot vanish on a face containing [V], otherwise 
it would be < on the entire cone; clearly i?2 has to be divisorial. Then we can conclude from 
lemma 4.3 that in 'N'E{X)ei<q there are two divisorial rays, in NE{X)ei>o there are only fiber 
type rays and NE(£;i) = (i?i,i?2)- 

Let i?3 be one of the fiber type rays; we can write X = IjOCus(R^)ei, and we have by remark 
2.4 that NE(X) = i?2, i?3)- 

In the case when every extremal ray lies on a face with V we have trivially that NE(X) = 

([y],i?i,i?2>. 

If X has two fiber type rays Ri, R2 and one divisorial ray R3, then (fji^ cannot have a 
four-dimensional fiber Fs, otherwise we would have X = Locus(i?^)ir3 and px = 2, by remark 
2.4. 

Finally, in the case when X has one fiber type ray Ri and two divisorial rays R2 and R3, we 
claim that both R2 and Rs have two-dimensional fibers: in fact, if R2 has a fiber F2 of dimension 
three, by lemma 4.1 and lemma 4.2 (c) we have that E3 ■ V = E3 ■ R"^ = 0, a. contradiction. 

Px = 4. In this case (see Section 8, Case 2 in [1]) X is rationally connected with respect 
to four independent unsplit families V,V' , V" and V'" , such that each one is horizontal with 
respect to the fibration associated to the previous ones. 

By remark 2.5, for three among these families, say V, V and V", the pointed locus has 
dimension 1, so these families are covering. 

Moreover, if there exists a small ray R we can choose two covering families, say V and V, 
such that [V], [V] and [R] are numerically independent; then if F is a fiber of (fin we can write 
X = Locus(y, y)_F, implying that px = 3, a contradiction. So two cases are possible: either 
all rays are of fiber type or there exists a divisorial ray. 

Suppose that all the rays of NE(X) are of fiber type. If there exist two rays R2 which do 
not lie on the same extremal face of NE(X), we can consider the rationally connected fibration 

n : X ^ Z associated to R^ and R^. Since px = 4 we have dimZ > 0, so by lemma 2.4 X 

must have a small elementary contraction, a contradiction. 

So every pair of extremal rays lies on an extremal two-dimensional face of NE(X); it is easy to 
verify that in this case NE(X) has exactly four rays. 

Suppose now that there exists a divisorial ray R. 
Since X has no small contractions and px = 4, V, V and V" lie on the same extremal face a 
of NE(X) by lemma 2.4, and, applying again lemma 2.4 to every pair of families chosen among 

V, V and V", wc get that a = {[V], [V], [V"]). 

Let f be a fiber of (pn, which has dimension greater than two by proposition 2.2. Since 
R is not in a we have dimLocus(V', y , > dimi^ + 3 by lemma 2.1, so dimF = 2, 

X = Locus{V,V' ,V")f and every curve in X can be written with positive coefiacients with 
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respect to R and V; but V, V and V" play a symmetric role, so we can conclude that NE(X) = 
{[V],[V'],[V'l[R]). 

5. FANO FIVEFOLDS without A COVERING QUASI-UNSPLIT FAMILY 

In this section we conclude the proof of theorem 1.1 considering Fano fivefolds X which do 
not have any covering quasi-unsplit locally unsplit family: more precisely we prove the following 
Theorem 1.2. Let X be a Fano fivefold of pseudoindex two which does not have a covering 
quasi-unsplit locally unsplit family of rational curves; then px = 2 and X is the blow-up of 
along a two-dimensional smooth quadric (a section 0/0(2) in a linear C P^j, or along a 
cubic scroll (Ppi{0{l) © 0{2)) embedded in an hyperplane o/P^ by the tautological bundle), or 
along a Veronese surface. 

Proof. Let y be a locally unsplit dominating family on X and let V be the associated Chow 
family. Since V is not quasi-unsplit then [V] cannot be extremal; in particular it follows that 
> 2. Moreover, since V is locally unsplit but not unsplit we have 

4: = 2ix < degV < dimX + 1 = 6; 

moreover, if degV = 6 then we would have X = Locus (T/r) for a general x £ X and px = 1 by 
corollary 2.1, a contradiction, therefore we can assume that 4 < deg^ < 5. As a consequence 
we have that every reducible cycle in V splits into exactly two irreducible components. 

Consider the pairs {W^,W^) of families such that there is a cycle in V whose irreducible 
components belong respectively to W and W^, and let B be the set of these pairs. By this 
definition we clearly have [W^] + [W^] = [V], and since the anticanonical degree of these families 
is bounded they are only a finite number. 
We begin establishing some properties of these pairs. 

Lemma 5.1. // {W\W^) e B then the families W^, are unsplit, and moreover 
(dimLocus(W'),dimLocus(Wj)) is either (4,2), (4,3), (4,4) or (3,3). 

Proof. The families are unsplit since 

4 = 2ix < deg + degW = degV < 5, 
and therefore they are noncovering, so the second assertion follows from proposition 2.1. □ 

Lemma 5.2. Let {W^, W^) £ B such that [W^] ^ [cuV], and let Di and Di be meeting compo- 
nents of hocvLs{W^) and hocus{W ^) . Up to exchange Di and Di, we have that {dim. Di, dim. Di) 
is either (3,4) or (4,4). 

Proof. By lemma 5.1 we have dim Di, dimD^ > 3, and equality holds if and only if Di = 
Locus(Vy^) for some x; in this case Ni{Di) = {[W^]) by corollary 2.1. 

So if dim Di = dim Di = 3 we have dim(Dj Ci Di) > 1, contradicting the fact that Ni{Di) = 
{[W^]) and Ni(Di) = ([W']). □ 
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Lemma 5.3. Let Ri be a divisorial ray of X, and Ei its exceptional locus. If there exists a 
pair {W\W') e B such that Ei-W' <Q and -W^ > 0, then [W'] G Ri. 

Proof. Since Ei ■ W'^ < we have Locus(W'^*) C Ei. suppose by contradiction that [T4^*] ^ 

If dimLocus(VF^) > 3 for some x, then by lemma 2.1 (a) we have 

dimLocus(VF% R^)x > 5, a contradiction since W is noncovering. 

It follows that dimLocus(WJ) = 2 and so, by lemma 5.1, dimLocus(H^*) = 4, hence Ei = 
Locus(W*) = Locus(i?^, W^)x for some x; in particular by corollary 2.2 

On the other hand, since dim Locus(Ty ^) > 2 and Ei ■ > 0, we have that Ei contains curves 
proportional to W^, a contradiction. □ 

We can now resume the proof of theorem 1.2. 
Step 1. degV' = 4. 

Suppose by contradiction that dcgV = 5, let .t £ X be a general point and let D be 
an irreducible component of Locus (14); since V is locally unsplit, by corollary 2.1 we have 
Ni{D) = {[V]), and by proposition 2.1 we have dimZ? > degV — 1 > 4. 
We are assuming px > 2, so it cannot he D = X, therefore D is an effective divisor. 
Thus the rcV-fibration tt : X ^ Z has fibers of dimension > 4; if Z has positive di- 
mension, take V' to be a horizontal dominating family for tt. By remark 2.5 we know that 
dimLocus(V^') = 1, so V is covering and of degree 2, hence it is unsplit, a contradiction. 
So X is rcV-conncctcd; in particular Ni(X) is generated as a vector space by the numerical 
class of V and the numerical classes of the families such that {W^, W^) G B for some W*. 
Consider the nonempty set of pairs {W^,W^) G B such that [W^] ^ [aF], and the (non nega- 
tive) intersection number D ■ V . 

If £> • y = then D would be negative on at least one of these and so it would contain 
curves in , against the fact that Ni{D) = {[V]). 

If else D ■ V > then for every i either D ■ > ov D ■ > 0; but in this case either 
Locus(W^) n D or Locus(VF^) n D would be nonempty. 

Suppose without loss of generality that we are in the first case; since, by lemma 5.1, dim Locus(W^) > 
2, then dim(Locus(H^^) nL») > 1, against the fact that iVi(Locus(W^)) = {[W]} and Ni{D) = 

m). 

As a corollary of step 1 we get that V is the unique locally unsplit dominating family for 
X up to numerical equivalence: in fact, if V were another locally unsplit dominating family, 
for the general point x G X we would have dim(Locus(V^) fl Locus(V^)) > 1 and so, since 
Afi(Locus(14)) = {[V]) and A^i(Locus(V;')) = t^e families would be proportional. But 

we have proved that degV = degV = 4, so [V] = [V]. 

Step 2 If Ri is a small ray, then [R^] = [W^] for some i. 
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By the results in Section 9, [1], we know that either X is rcV-connected or there exists an 
unspht noncovering family V' such that degV = 2, dim Locus (V^) = 2 (and so, by proposition 
2.1 dimLocus(y) = 4) and X is rc(V, F')-connected. 

In particular, through every point of a fiber F\ of i^r^ there passes a curve in V, in W or 
in V; if Vy is unsplit for some y G Fx then dim(Locus(V^) fl Fx) > 1, against the fact that 

NiiVy) = {[V]) and iVi(Fi) = 

Therefore through every y Fi there passes cither a curve in V' or a reducible cycle of V; 
recalling that in B there is only a finite number of families we have that either Fi C Locus(y ) 
or Fl c Locus (VF*) for some i. 

Suppose first that Fi c Locus(y); note that, since Locus(y) has dimension four and Ri is a 
small ray, the numerical class [V] cannot belong to Ri, hence R^ is independent from V and 

we can apply lemma 2.1 (a) and obtain that dim Locus > 5, a contradiction. 

If else Fl C Locus(VK*) and is independent from we reach a contradiction again by 

lemma 2.1 (a), so [W] = [aR^]. 

By step 1 we know that deg = 2, and since R^ has minimal degree in the ray we have also 
degi?i = 2, i.e. [R'-] = [W% 

Step 3 px = 2. 

If X is not rcV-connccted then the result follows from Section 9, Case 1 in [1]. 
Assume now that X is rcV-connccted. 

By the results in Section 9 of [1], if > 3 then for every pair S B and meeting 

components Di and Di of Locus(VK') and Locus(iy) we have dimD^ = dimDj = 4; moreover 
for at least one pair, say {W^,W^), we know that Di ^ Di. In particular X has no small 
contractions by step 2. 

Let El be the exceptional locus of a (divisorial) ray Ri of X and consider the intersection 
number Ei -V. 

If Fl • y > 0, for a general point x £ X we have dimLocus(ii^)Locus(Vi) = 4, so that 
El = Locus(ii^)Locus(Vi) and Ni{Ei) = {Ri, [V]) by lemma 2.2. 

If every pair {W^, W^) lies in the plane spanned by [V] and [R^] then px = 2 and we conclude, 
otherwise let {W^, T4^*) be a pair not lying in that plane: then cither Ei ■ > or Fi • ' > 0, 
implying that either Fi n Locus(W^) or Fi n Locus(VF^) is nonempty and so has dimension 
> 1, a contradiction. 

If else Ej ■ V = for every j, then for every j there exists i such that Ej ■ W' < and 
Ej • > 0, so by lemma 5.3 [W'] G Rj for some i and Ej = Di. 

Let Rk be an extremal ray such that Di-R'^ > 0; by the argument above we know that Ek = Di 
for some I, so it must be Di ■ W'' < and i = 1, i.e. Ek = Di. 

It follows that Di -V = Di -V = but this is excluded in Section 9, Case 2b of [1] (note that 
since Di ■ R^ > Q we have Di ^ Ek = Di). 



Step 4 X has a divisorial contraction. 
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Suppose that both the rays i?i and i?2 correspond to small contractions; by step 2 we know 
that there exist unsplit famihes and W'^ such that {R^,W^), (i?^, W"^) G B, so in particular 
[V] = [R'] + [W'] = [R^] + [W^]. 

Let xi e Locus(ii^) and X2 € Locus(ii^); since the contractions associated to and R^ are 

small, by inequality 2.2 we have dimLocus(i?*)2:. > 3. 

Denote by Di an irreducible component of Locus(i?', W'^)xi; since 

Locus(i?', W^)xi = Locus(VK*)lo(,us(_r»)^. j by lemma 2.1 (b) we have dimDj = 4, and by corol- 
lary 2.2 we have NE(Di) = {Ri, [W^]), NE(L>2) = (i?2, [W^])- 

It follows that Di-R'^ = D2-R^ = 0; moreover, since is an effective divisor for every i, we 
have Di ■ R^ > 0, so Di is nef. 
Write —Kx = aDi + bD2; we have 

4 = ~Kx ■ {W^ + W^) = 

= aDi ■ {W^ + W"^ + R^) + bD2 ■ {W^ + + R^) = 

= aDi ■W^+aDi-V + bD2 ■W'^ + bD2-V = 

= aDi ■ + bD2 ■W'^-Kx-V. 

Hence aDi ■ = bD2 ■ = 0, a contradiction. 

Step 5 There exists a ray i?i such that its associated contraction i^i : X ^ Y is & smooth 
blow-up of Y along a smooth surface; moreover, if Ex is the exceptional divisor, i^i • V > 0. 

We know by step 4 that X has a divisorial ray Rf, the other ray R2 can be either small or 
divisorial. 

Let us start assuming that R2 is small; denote by Ex the exceptional locus of Ri and by G2 

a component of the exceptional locns of R2. 

The divisor Ei is positive on R^\ it follows that Locus(i?^)G2 is nonempty and has dimension 
four, so that Ei = Locus(i?^)G2; in particular every fiber of R\ meets G2 and so it is two- 
dimensional. 

We can thus apply Theorem 5.1 of [2] and we get that t^i : X — > y is a blow-down with center 
a smooth surface S . 

By step 2 there exists a pair (VF^TF^) S B such that [TF^] = [R% Take Di to be an 
irreducible component of Locus(W^) which intersects Locus(M^^); since D\-W^ > we have 
that Dx = 'Loc\xs(yV^,W% and so NE(£>i) = {[W\ [W^]). 

We claim that [W'^] = [R^]: if this is not the case then Dx ^ Ex, so (px{Dx) is an effective 
divisor on Y. Moreover (pi{Di) is ample since py = 1, hence it meets S and DxCi Ex ^ 0. 
It follows that dim(Di n Locus(i?^)) > 1 and Dx contains curves numerically proportional to 
R^, a contradiction. 

So we have proved that NE(X) = {Rx, R2) = {[W'^],^'^]); moreover we have that Locus (M^^) = 
Ex. 
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Now we show that Ei - V > 0. 
Suppose first that X is not rcV-connected and denote by tt the rcV-fibration. Let X° be the 
open subset on which tt is defined, take x G EiD and consider Locus(i?^); since dimZ < 2 
either Locus(ii^) is contained in a fiber of n or Locus(-Rj) dominates Z. 

In the first case, if H is an ample divisor on Z we have that {tt*H) ■ V = {tt*H) ■ = 0, so Tr*H 
is numerically trivial on X, a contradiction, hence Locus(i?!J,) dominates Z and dhnZ = 2. 
For a general x in X the fiber of tt through x has dimension three and contains Locus(T4:), 
hence = Locus(Kr:); Ei meets this fiber and cannot contain it, so £^1 • > 0. 

Assume now that X is rcV-connected and suppose by contradiction that i?i • ^ = 0; in 
this case, by lemma 5.3 B contains only the pair (1^^, W^^) and possibly pairs {W^ ,W^) with 

Let T = Locus(VF^) U Locus(W^) and take a point x outside T; since X is rcV-connected we 
can join x and T with a chain of cycles in V. Let F be the first irreducible component which 
meets T. 

Clearly T cannot belong to [W^] and [W^] because it is not contained in T, so it belongs either 
to V or to for some j, say j = 2. Since Ei - V = Ei ■ W"^ = 0, F must intersect T in points 

of T\Locus(VKi). 

Let y be a point in F H T and let Gy be the irreducible component of T which contains y; 
by Lemma 9.1 in [1] we have that either F C Locus(T4) for some z such that Vz is unsplit or 
F C Locus(VF2^. 

In the first case we have dim(Locus(14) DGy) > 1, against the fact that Ni{Vz) = {[V]) and 

In the second case we consider H = Locus(VF^)g^: by lemma 2.1 we have dimH = 4, and by 
lemma 2.2 we have NE(ff) = ([W^], [W^]); this implies that H ■ = 0. 

The image ipi (H) of if in y is an effective, hence ample, divisor; therefore ipi {H) f^S ^% and 

n £1 9^ 0. 

For every point t G H f) Ei we have that both Locus(PF(^) and Locus(Wj^) are contained in 
H n El, since H -W^ = Ei -W^ = 0. 

Therefore Locus(W^^, W^)t C HCiEi, and we reach a contradiction since dimLocus(W^^, W^)t = 
4 by lemma 2.1 (a). 

Assume now that both Ri and R2 are divisorial and let Ei , E2 be the respective exceptional 
loci. 

We cannot have Ei ■ V = E2 ■ V = (see the end of proof of Theorem 7.1 in [1]), so we can 
suppose that Ei -V > 0. 

If a; € X is a general point then Locus(i?^)Locus(\4) is nonempty and has dimension four, so 
El = Locus(i?^)Locus(Vi)i ill particular every fiber of Ri meets Locus(14) and so it is two- 
dimensional. 

Now we apply Theorem 5.1 of [2] and we get that ipi : X ^ Y is a. blow-down with center a 
smooth surface S. 
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Step 6 y~P^ 

Let Vy be a minimal covering family for Y and let Vy be the family of deformations of the 
strict transform of a general curve in Vy ■ We know that Vy is covering and that 

(5.1) 6 = dimF + 1 > -iplKy ■ Vy = -Kx ■ Vy + 2Ei ■ Vy. 

By Proposition 3.7 in [12] a general member of Vy does not meet S, which has codimension 

three in F, hence Ei - Vy = 0. 

The family Vy cannot be locally unsplit: otherwise, by the final part of step one, we would 
have [y^] = \y]^ but we know by step 5 that Ei-V >{). 

It follows that one among the families of irreducible components of cycles in is covering, and 
so, by our assumptions, the degree of this family is at least four; in particular —Kx ■ > 6. 
Equation 5.1 yields 

6 > -Ky ■ Vy - iflKy ■ = -Kx • > 6, 

so we can conclude that Y has a minimal (hence locally unsplit by lemma 2.3) covering family 
of degree 6 = dim F + 1; by the proof of Theorem 1.1 in [10] wc have Y ~ P^. (Note that the 
assumptions of the quoted result are different, but the proof actually works in our case since 
for a very general y the pointed family {Vy)y has the properties 1-3 in Theorem 2.1 of [10]). 

Final step 

Let S' C be the center of the blow-up, let I be a (bi)secant line of S and let I be the proper 
transform of I; then 

-Kx ■ l = iplO{6) ■ i- 2Ei -1 = 2, 

so the corresponding family on X is unsplit. Since X does not admit unsplit covering families, 

through the general point of P^ there is no secant line of S. 

It follows that either 5 is a Veronese surface or S is degenerate. 

If S is contained in an hyperplane H and in no three-dimensional linear subspace of P^, through 
every point of H there is a secant line, so the strict transform H oi H \s the locus of an unsplit 
family W on X. 

Since lyftC'(l) = tp\H = H + kEi with fc > we have H = iptO{l) - kEi, so H ■ W < 0. It 
follows that H is negative on R2 and it follows that H = E2, R2 is divisorial and W = hy 
lemma 5.3. 

Again from the canonical bundle formula we have i^i • i?^ = 2, so fc = 1 and E2 = H = 
(plO{l) — Ei; in particular (flO{l) ■ R^ = 1 and the contraction ip2 : X ^ Z is supported 
by Kx + 2(^^0(1) -I- ip2A for some very ample divisor A on Z. By Corollary 5.8.1 of [4] ip2 is 
equidimensional, so it is a smooth blow-down. 
Computing the canonical bundle of E2 

Ke, = -5iplO{l) + Eu 

we find that E2 is a Fano variety. 

Moreover E2 has a P^-bundle structure over a smooth surface S' C Z, and since p{E2) = 2 we 
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have S' ~ P^; by the classification in [19] we know that S' is a cubic scroll. 

Finally, if S is contained in a three-dimensional linear subspace A c and I is a line in A we 

have 

-Kx ■ 1 = V*iO{Q) ■l-2Ei-l = 6 - 2deg5, 

so S has degree < 2 and it cannot be a plane, since the blow-up of P^ along a two-dimensional 
plane has a fiber type contraction. □ 

6. The higher-dimensional case 

Let y be a covering locally unsplit family of rational curves on a Fano variety X of dimension 
n > 6 and pseudoindex ix = n — 3; as shown in the case of fivefolds, if > 2 then deg V < n. 



Lemma 6.1. Let X be a Fano variety of dimension n>6, pseudoindex ix = n — 3 and Picard 
number px > 2; let V be a covering locally unsplit family of rational curves on X. Then V is 
unsplit. 

Proof. If deg V < n — 1 < 2ix then V is unsplit, so we can assume that deg V = n. Let x & X 
be a general point and let D be an irreducible component of Locus(14); since V is locally unsplit 
we have Ni{D) = {[V]) by corollary 2.1 and, by proposition 2.1, dimZ) > degV — 1 = n — 1. 

We are assuming > 2, so it cannot he D = X, therefore D is an effective divisor. 

The rcV-fibration n : X ^ Z has fibers of dimension > n — 1; if Z has positive dimension, 

take V' to be a horizontal dominating family. Then if is a fiber of tt we have 

dim(F n Locus(yj)) > n - 1 + degV' - 1 - n > ix - 2 > 1, 

contradicting lemma 2.3. So X is rcV-connected, and we reach a contradiction as in step 1 of 
section 5. □ 



Corollary 6.1. In the above assumptions, Mukai conjecture (1.1) holds for X. In particular 
if dimX > 8 then px = 1 except ifXc^F^x P*. 

Proof. Since ix > we can apply Theorem 7.1 in [1]. □ 

To conclude the proof of theorem 1.1 we have to deal with varieties of dimension 6 and 7. 
Note that Mukai conjecture implies that px <2 except if X ~ P^ x P^ x P^. 

Arguing as in case px = 2 of section 4 we can prove that X has at least one fiber type ray 
Let R2 be the other extremal ray; then if Fi is a general fiber of the contraction i^^. we 
know that 

dim Fi + dim F2 < dim X, 
and together with the fiber locus inequality this concludes the classification. 
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